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 The aim of this paper is to introduce a new class of closed sets in topological 

spaces called π^g-closed sets and obtain some of its characteristics. Also, the 

concept of continuity called   π^g-continuity is defined and obtained some of 

its properties. 

π^g-closed sets, π^g-T1/2-space and π^g-continuous function. 

 

1. Introduction 

Topology is the one of the important area in mathematics. It stands one among the most recent in 

whole of mathematics. The notion of closed set is fundamental in the study of topological spaces. N. 

Levine[12] introduced the generalized closed sets, a super class of closed sets in 1970. After the advent of g-

closed sets, many variations of g-closed sets were introduced and investigated by many topologists. In 1968, 

Zaitsev[19] introduced the notion of π-open sets as a finite union of regular open sets. J. Dontchev T. 

Noiri[5] introduced and studied πg-closed set in topological spaces. Jeyanthi V and Janaki C[9] introduced 

its stronger form called πgr-closed set in topological spaces. The weaker of g-closed set was introduced 

and studied by  [16],[2],[8],[18]. Here, we are introducing a new class of closed set in topological spaces 

called ^g- closed set which is independent of g-closed set and obtain some of its characteristics. 

2. Preliminaries 

Throughout this paper (X, τ), (Y, σ) and (Z, η) represent topological spaces on which no separation 

axioms are assumed unless otherwise mentioned. For any subset A of a space (X, τ),cl(A) and int(A) denote 

the closure of A and interior of A respectively. The topological space    (X, τ) will be replaced by X if there 

is no chance of confusion. 

 Let us recall the following definitions which we shall require in sequel.  

Definition 2.1: A subset A of a space X is called 

1) a pre-open set [1] if A⊂int(cl(A)) and a pre-closed set if cl(int(A)) ⊂ A, 
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2) a semi-open set [11]if A⊂cl(int(A)) and a semi-closed set if int(cl(A))⊂A, 

3) a α-open set [15] if A⊂int(cl(int(A)))and a α-closed set if cl(int(cl(A)))⊂A, 

4) a semi-pre-open[1] if A⊂cl(int(cl(A))) and a semi-pre-closed set if int(cl(int(A)))⊂ A, 

5) a regular open set if A=int(cl(A)) and a regular closed[13] set ifA=cl(int(A)). 

The intersection of all semi-closed(resp. α-closed, pre-closed, semipre-closed, regular closed and b-

closed) subsets of X containing A is called the semi closure(resp. α-closure, pre-closure, semi pre-closure, 

regular closure and b-closure) of A and is denoted by sclA(resp. αclA, pclA, spclA, rclA, bclA). A subset A 

of X is called clopen if it both open and closed in X. 

Definition 2.2: A subset A of a space X is called 

1) a generalized closed set[12] (briefly, g-closed) if cl(A)⊂U whenever A⊂U and U is open in X. 

2) a π-open set[17] if A is finite union of regular open sets. 

3) a πg-closed set[6] if cl(A)⊂U whenever A⊂U and U is π-open in X, 

4) a πgα-closed set[8] if αcl(A)⊂U whenever A⊂U and U is π-open in X, 

5) a πgp-closed set[16] if pcl(A)⊂U whenever A⊂U and U is π-open in X, 

6) a πgs-closed set[2] if scl(A)⊂U whenever A⊂U and U is π-open in X, 

7) a πgb-closed set[18] if bcl(A)⊂U whenever A⊂U and U is π-open in X, 

8) a πgr-closed set[10] if rcl(A)⊂U whenever A⊂U and U is π-open in X. 

Definition 2.3 [14]: g-closure of a subset A of X is defined as the intersection of all g-closed sets containing 

A and g-interior of A is defined as the union of all g-open sets contained in A. 

3. π^g-Closed sets 

We introduce the following definition: 

Definition 3.1: A subset A of X is called π^g-closed set if gcl(A)⊂U whenever A⊂U and U is πg-open in 

(X, τ).By π^GC(τ), we mean the family of all π^g-closed subsets of the space (X, τ). 

Theorem 3.2: Every g-closed set is π^g-closed but not conversely. 

Proof: Let A be a g-closed set and A⊂U and U is πg-open. Then gcl(A) = AU. Therefore, gcl(A)⊂U, 

whenever A⊂U and U is πg-open. Hence A is π^g-closed. 

Converse part is justified in the following example. 

Example 3.3: Let X = {a, b, c, d, e} and τ = {, {a, b}, {c, d}, {a, b, c, d}, X}. Let A = {a}. Then A is π^g-

closed but not g-closed. 
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Proposition 3.4: Every π-closed set is π^g-closed. 

Proof: Let A be a π-closed set and A⊂U, U is πg-open. Since πcl(A) = A, gcl(A)⊂ πcl(A) = A, Therefore 

gcl(A)⊂A whenever A⊂U and U is πg-open. Hence A is π^g-closed. 

Proposition 3.5: Every closed set is π^g-closed. 

Proof: Let A be a closed set and A⊂U and U is πg-open. Then cl(A) = A⊂U, since A is closed. Since every 

closed set is g-closed, gcl(A)⊂cl(A)⊂U. Hence A is π^g-closed. 

 Converse of the above two propositions need not be true is as seen in the following example. 

Example 3.6: Let X = {a, b, c, d} and τ = {, {b}, {c}, {b, c}, {b, d}, {b, c, d}, X}. Let A = {a, b}. Then A 

is π^g-closed but not π-closed and closed. 

Proposition 3.7: Every regular closed set is π^g-closed. 

Proof: Let A be regular closed set and A⊂U, U is πg-open in X. Since every regular closed is closed, 

cl(A)⊂rcl(A).Also every closed set is g-closed, gcl(A)⊂cl(A).Then gcl(A)⊂cl(A)⊂rcl(A) = A, as A is 

regular closed. Then gcl(A)⊂A⊂U, whenever A⊂U and U is πg-open. Hence A is π^g-closed. 

 Converse of the above proposition need not be true as seen in the following example. 

Example 3.8: In example 3.6, let A= {a}. Then A is π^g-closed but not regular closed. 

Theorem 3.9: If A is πg-open and π^g-closed, then A is g-closed. 

Proof: Let A be a πg-open and π^g-closed set in X. Let A⊂A, where A is πg-open.Since A is π^g-closed, 

gcl(A)⊂A whenever AA and A is πg-open. The above implies gcl(A) = A. Hence A is g-closed. 

Remark 3.10: The concepts of πgr-closed set and π^g-closed set are independent of each other. It is shown 

in the following example. 

Example 3.11: Let X = {a, b, c, d} and τ = {, {a}, {b}, {a, b}, {b, d},{a, b, d}, {a, b, c}, X}. Let A = {d}. 

Then A is π^g-closed but not πgr-closed. Consider B = {b, c}. Then B is πgr-closed but not π^g-closed. 

Remark 3.12: The concepts of πg-closed set and π^g-closed set are independent and the same is shown in 

the following examples. 

Example 3.13: Let X = {a, b, c, d} and τ = {, {a}, {b}, {a, b}, {b, c}, {a, b, c}, {a, b, d}, X}. Let A = {b, 

d}. Then A is πg-closed but not π^g-closed. 
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Example 3.14: Let X = {a, b, c, d, e} and τ = {, {a, b}, {c, d}, {a, b, c, d}, X}. Let A = {a}. Then A is π^g-

closed but not πg-closed. 

The above discussions are summarized in the following diagram: 

 

 

 

  

 

 

Theorem 3.15: Let A be a π^g-closed set in X. Then gcl(A)A does not contain any non-empty πg-closed 

set. 

Proof: Let F be a πg-closed set such that F⊂gcl(A)A. Then F⊂XA implies A⊂XF. Since A is π^g-

closed and XF is πg-open, gcl(A)⊂XF. That is, F⊂gcl(A)⋂(Xgcl(A)) =. This shows that F =.  

Corollary 3.16: Let A be π^g-closed in X. Then A is g-closed if and only if gcl(A)A is   πg-closed. 

Proof: Necessity: Let A be g-closed. Then gcl(A) = A and so gcl(A)A = , which is πg-closed. 

Sufficiency: Suppose gcl(A)A is πg-closed. Then gcl(A)A =  implies gcl(A) = A. This implies A is g-

closed. 

Theorem 3.17: If A is π^g-closed and A⊂B⊂gcl(A), then B is alsoπ^g-closed. 

Proof: Let A be a π^g-closed subset of X such that A⊂B⊂gcl(A). Let U be a πg-open set of X such that 

B⊂U. Then A⊂U. Since, A is a π^g-closed, we have gcl(A)⊂U. Since Bgcl(A), gcl(B)⊂gcl(gcl(A))= 

gcl(A)⊂U. Then gcl(B)⊂U whenever BU and U is πg-open. Hence B is also π^g-closed set in X. 

4. π^g -open sets 

Definition 4.1: A set A⊂X is called π^g-open if and only if its complement is π^g-closed. 

Remark 4.2: gcl(XA) = Xgint(A). 

Theorem 4.3: Let A⊂X is π^g-open if and only if F⊂gint(A) whenever F is πg-closed and F⊂A. 

- closed set 

^g-closed set Closed set 

g-closed set 

g-closed set 

gr-closed set 

Regular Closed 

set 
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Proof: Necessity:Let A be a π^g-open set in X.Let F be πg-closed set and F⊂A. Then XA⊂XF, where 

XF is πg-open. Since XA is π^g-closed, gcl(XA)⊂XF.By remark 4.2, gcl(XA)= 

Xgint(A)Xgint(A)⊂XF, that is F⊂gint(A). 

Sufficiency: Suppose F is πg-closed and F⊂A implies F⊂gint(A).Let XA⊂U, where U is πg-open. Then 

XU⊂A, where XU is πg-closed. By hypothesis, XU⊂gint(A).That is, Xgint(A)⊂U. Since gcl(XA) = 

Xgint(A), gcl(XA) ⊂U, where U is πg-open. This implies XA is π^g-closed and hence A is π^g-open. 

Theorem 4.4: If gint(A)⊂B⊂A and A is π^g-open, then B is π^g-open. 

Proof: We know that if A is π^g-closed and A⊂B⊂gcl(A),then B is also π^g-closed. Here XA is π^g-

closed, then XB also π^g-closed. Hence B is π^g-open. 

Remark 4.5: For any A⊂X, gint(gcl(A)A) =. 

Theorem 4.6: If A⊂X is π^g-closed, then gcl(A)A is π^g-open.  

Proof: Let A be a π^g-closed set in X. Let F be a πg-closed set such that F⊂gcl(A)A.Then gcl(A)A does 

not contain any non-empty πg-closed set. Therefore, F=. So, F⊂gint(gcl(A)A).This shows gcl(A)A is 

π^g-open. Hence A is π^g-closed in (X,τ). 

5. Applications 

Definition 5.1: A space (X, τ) is called a π^g-T1/2 -space if every π^g-closed set is g-closed. 

Theorem 5.2: For a topological space (X, τ) the following conditions are equivalent. 

1) X is π^g- T1/2 -space. 

2) Every singleton of X is either πg-closed or g-open. 

Proof: (1)⇒(2) : Let x∈X and assume that {x} is not πg-closed. Then clearly X{x} is not πg-open. Hence 

X{x} is trivially a π^g-closed set. Since X is π^g-T1/2space, X{x} is g-closed. Therefore {x} is g-open. 

(2)⇒(1) : Assume every singleton of X is either πg-closed or g-open. Let A be a π^g-closed set. Let 

x∈gcl(A), we will show that x∈A. For that let us consider the following two cases: 

Case(1):Let {x} is πg-closed. Then, if x∉A, there exists a πg-closed set in gcl(A)A. Then {x}gcl(A)A. 

By theorem3.15, gcl(A)A does not contain any non-empty πg-closed set and hence {x}∈A. Therefore 

gcl(A)A = and hence gcl(A) = A. 
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Case(2):Let the set {x} be g-open. Since {x}∈gcl(A), then {x}⋂gcl(A) = .The above implies {x}∈A.So in 

both cases, {x}∈A. This shows that gcl(A)⊂A and hence gcl(A) ≠ A. The above implies {x}A. So in both 

cases, {x}A. This shows that gcl(A)⊂A and hence gcl(A) = A. Therefore A is g-closed.  

Theorem 5.3: (i)GO(τ)⊂GπGO(τ) 

(ii) A space (X, τ) is π^g- T1/2 if and only if GO(τ) = π^GO(τ). 

Proof:  (i) Let A be g-open, then XA is g-closed. As every g-closed set is π^g-closed, XA is π^g-closed. 

Thus A is π^g-open. Hence GO(τ)⊂π^GO(τ) 

Necessity: Let (X, τ) be π^g-T1/2 space. Let A∈π^GO(τ).Then XA is π^g-closed. By hypothesis, XA is g-

closed thus A∈GO(τ).Thus GO(τ) = π^GO(τ). 

Sufficiency: Let GO(τ) = π^GO(τ). Let A be π^g-closed, then XA is π^g-open implies          

XA∈π^GO(τ).Hence XA∈GO(τ). Hence A is g-closed. This implies (X, τ) is π^g- T1/2 space. 

6. π^g-Continuous and π^g-irresolute functions 

Definition 6.1: A function f: (X, τ)→(Y, σ) is called π^g-continuous if f
-1 

(V) is π^g-closed in (X, τ) for 

every closed set V of (Y, σ). 

Example 6.2: Let X = {a, b, c, d} = Y, τ = {, {a}, {b}, {a, b}, {a, b, c}, X} and σ = {, {a}, {c}, {a,c}, X}. 

Define f: (X,τ)→(Y,σ) by f(a) = a, f(b) = c, f(c) =d, f(d) = b. Since the inverse image of closed sets in Y are 

π^g-closed in X, f: (X, τ) → (Y, σ) isπ^g-continuous. 

Definition 6.3: A function f: (X,τ)→(Y,σ) is called π^g-irresolute if f
-1

(V) is π^g-closed in(X, τ) for every 

π^g-closed set V in (Y, σ). 

Example 6.4:Let X = {a, b, c, d,e},  τ = {, {a, b}, {c, d}, {a, b, c, d}, X} and Y= {a, b, c, d}, σ = {, {a}, 

{b}, {a, b}, {b, d}, {a, b, d}, {a, b, c}, X}. Define f: (X,τ)→(Y,σ) by f(a) = b, f(b) = c, f(c) = e, f(d) = a, f(e) 

=d. Then inverse image of every π^g-closed set is π^g-closed under f. Hence f is π^g-irresolute. 

Remark 6.5: Every π^g-irresolute function is π^g-continuous, but not conversely. 

Example 6.6: In example 6.4, f is π^g-irresolute and also f is π^g-continuous. In example 6.2, f is π^g-

continuous but not π^g-irresolute. 

Theorem 6.7: (i) Let f: (X,τ)→(Y,σ) be g-continuous. Then f is π^g-continuous. 

(ii) Let f: (X,τ)→(Y,σ) be regular continuous. Then f is π^g-continuous. 
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Proof: (i) Let V be a closed set in (Y,σ). Then f
-1 

(V) is g-closed in (X,τ) as f is g-continuous. As every g-

closed set is π^g-closed, f
-1

(V) is π^g-closed. Hence f is π^g-continuous.                       (ii) Let U be closed in 

(Y,σ). Then f
-1 

(U) is regular closed in (X, τ) as f is regular continuous. Since every regular closed set is π^g-

closed, we have f
-1 

(U) is π^g-closed. Thus f is π^g-continuous. The converse of the above is not true as in 

the following example. 

Example 6.8:Let X = {a, b, c, d, e} = Y, τ = {, {a, b}, {c, d}, {a, b, c, d}, X} and σ = {, {a}, {e}, {a, e}, 

{c, d}, {a, c, d}, {c, d, e}, {a, c, d, e}, X}. Define f: (X, τ)→(Y, σ) by f(a) = e, f(b) = b, f(c) = a, f(d) = c, f(e) 

= d. Here the inverse image of every closed set in Y is π^g-closed in X but not g-closed in X. Hence π^g-

continuous function need not be g-continuous. 

 The composition of two π^g-continuous functions need not be π^g-continuous and shown in the 

following example.  

Example 6.9:Let X = Y = Z= {a, b, c, d}, τ = {, {a}, {b}, {a, b}, {a, b, c}, X}, σ = {, {a}, {c}, {a, c}, X} 

and η = {, {a}, {b}, {a, b}, {a, b, d}, X}. Define f: (X, τ)→(Y, σ) by f(a) = a,  f(b) = c, f(c) = d,  f(d) =b. 

Define g: (Y, σ)→(Z,η) by g(a) = c, g(b) = d, g(c) = b, g(d) = a. Then f and g are π^g-continuous. But g  f is 

not π^g-continuous. 

Theorem 6.10:Let f: (X, τ)→(Y, σ) and g: (Y, σ)→(Z, η) be any two functions. Then 

i) g∘f is π^g-continuous, if g is continuous and f is π^g-continuous. 

ii) g∘f is π^g-irresolute, if g is π^g-irresolute and f is π^g-irresolute. 

iii) g∘f is π^g-continuous, if g is π^g-continuous and f is π^g-irresolute. 

Proof: (i) Let V be closed in (Z, η).Since g is continuous, g
-1

(V) is closed in(Y, σ).By π^g-continuity of f 

implies f
-1

(g
-1

(V)) is π^g-closed in X.That is, (g∘f)-1
(V) is π^g-closed in (X, τ).Hence g∘f is π^g-continuous. 

(ii) Let V be π^g-closed in (Z, η).Since g is π^g-irresolute, g
-1

(V) is π^g-closed in (Y, σ).As f is π^g-

irresolute, f
-1

(g
-1

(V)) = (g∘f)-1
(V) is π^g-closed in (X, τ). Therefore g∘f is π^g-irresolute. 

(iii) Let V be closed in (Z, η).Since g is π^g-continuous, g
-1

(V) is π^g-closed in (Y, σ). As f is π^g-irresolute, 

f
-1

(g
-1

(V))= (g∘f)-1
(V) is π^g-closed in (X, τ). Therefore g∘f is π^g-continuous. 
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